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Abstract 



Let p : SL(2, Z) — > GL(2, C) be an irreducible representation of the modular 
group such that p(T) has finite order N. We study holomorphic vector-valued 
modular forms F(t) of integral weight associated to p which have rational 
Fourier coefficients. (These span the complex space of all integral weight vector- 
valued modular forms associated to p.) As a special case of the main Theorem, 
we prove that if N does not divide 120 then every nonzero F(t) has Fourier 
coefficients with unbounded denominators. 



MSC: 11F99 

1 Introduction 

Let T = SL(2, Z) be the inhomogeneous modular group with standard generators 



We will be dealing with 2-dimensional irreducible representations p : V — > GL(2, C) 
such that p(T) is a diagonal unitary matrix 

/ 2irim 1 n \ 



A holomorphic vector-valued modular form of integral weight k associated to p 
consists of the following data: 

(i) a pair of holomorphic functions fi(r), i = 1,2, denned on the complex upper 
half-plane ft with g-expansions 










(1) 




(2) 
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(ii) functional equations 

F\ kl {r)=p{ 1 )F{r), (7 6 T). (3) 

Here, F(r) = (/i(r), /^(t)) 4 i£l the column vector whose components are the functions 
/j(t) and |fc is the usual stroke operator in weight k applied to each component. The 
coefficients a n j in (J2J) are the Fourier coefficients of /»(r), or F(r). The set H(k, p) of 
all holomorphic vector-valued modular forms of weight k associated to p is a finite- 
dimensional C-linear space ( |KMj ). 

We say that p is modular of level N if kerp is a congruence subgroup of level N, 
i.e. kerp D T(N). In this case, the component functions of a vector- valued modular 
form F(t) G TL(k,p) are classical holomorphic modular forms of weight k and level 
N. For the purposes of the present paper, the projective level of p is a more useful 
invariant. If p is the projective representation of T defined by the composition 

T 4 GL(2, C) A PGL(2, C) (4) 

(7r is canonical projection), we define the projective level of p to be the order of 
p(T) G PGL{2, C). We emphasize that we are not assuming that kerp is a congruence 
subgroup. 

There are infinitely many equivalence classes of 2-dimensional irreducible p, but 
it turns out ( [M2] ) that just 54 of them are modular. The ordinary level N in these 
cases is some divisor of 120, and for such an N some classes of p are modular, while 
others may not be. On the other hand, it can be deduced from the tables in [M2] (cf. 
Theorem 13.21 below) that 

p is modular <^ M < 5. (5) 

(EJ) is an algebraic characterization of those p which are modular. The present paper 
is concerned with the problem of characterizing the modular p by means of arithmetic 
properties of the Fourier coefficients of associated vector-valued modular forms. We 
are mainly interested in the space H(k, p)q C H(k, p) consisting of the F(r) whose 
Fourier coefficients lie in Q. As we will see (Lemma 14.2ft . H(k,p)q is a Q-form for 
T-L(k, p) (i.e. T-L(k,p) = C ®q T-L(k,p)q) if the projective level of p is finite. 

Suppose that F(r) G H(k, p)q has component functions (j2J). We say that F(t) 
has bounded denominators if there is a nonzero integer B such that Ba n ^ G Z (n > 
0, i— 1,2). Otherwise, F(t) has unbounded denominators. We can now state the 

Conjecture: Suppose that p has finite projective level. Then p is modular if, and only 
if, there is some nonzero F(t) G / H{k,p)q which has bounded denominators. 

We make several remarks. The irreducibility of p is implicitly assumed in the Con- 
jecture. If p is modular then, as we have explained, the components of a vector- valued 
modular form in 1-L(k,p) are ordinary modular forms, in which case the bounded de- 
nominator property of Fourier coefficients is well-known. So the Conjecture really 

1 superscript t means transpose 
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concerns the implication bounded denominators =>- p modular. It is one of a hierarchy 
of similar conjectures about the modularity of vector-valued modular forms (of arbi- 
trary finite dimension) whose Fourier coefficents are algebraic with bounded denomi- 
nators. Other special cases that have been discussed in the literature include modular 
forms on noncongruence subgroups (cf Atkin-Swinnerton-Dyer |AS] and Kurth-Long 
|KL1] . |KL2j ). and generalized modular forms (Kohnen-Mason ( [KoMlj . |KoM 2j). 

The main result of the present paper is the following: 

Theorem 1 Suppose that p has finite projective level M, and that M does not 
divide 60. Then the components of every nonzero vector- valued modular form F(r) G 
H{k,p)q have unbounded denominators. 

By Theorem [H a counterexample to the Conjecture necessarily has projective level 
M|60. There are approximately 350 equivalence classes of p satisfying this condition, 
including of course the 54 classes which are modular. In particular, Theorem [1] proves 
the Conjecture for all but finitely many equivalence classes of p. 

The proof of Theorem [1] depends on results in |Mlj and |M2] (see also |MMj ) 
describing H{p) = ®kH{k,p) as a module over a certain ring 1Z of differential oper- 
ators. There is a minimal weight ko for which H(k ,p) is nonzero, and this space is 
1-dimensional with basis F (r), say. F (r) generates H(p) considered as 7£-module, 
and the general idea of the proof is to reduce questions about arbitrary F(r) to 
questions about F (t). The components of F (t) span the solution space of a certain 
modular linear differential equation ( |Mlj ) which has q = as a regular- singular point, 
and the Fuchsian theory provides a recursive formula for the corresponding Fourier 
coefficients. Assuming (as we may) that Fq(t) has rational Fourier coefficients and 
that M does not divide 60, we can exploit the recursion to obtain (Proposition 14. 1 j) 
the exact power of p dividing the denominators of the Fourier coefficients a n i of F (t) 
whenever p is a prime dividing M/(M, 60). The power of p is strictly increasing for 
n — > oo, and in particular F q (t) satisfies the unbounded denominator property. To- 
gether with the structure of %{p) as 7£-module, this result can then be used to deduce 
Theorem 1 for general Fir). 

The paper is organized as follows. In Section 2 we cover the background needed 
from [Ml], [M2] . In Section 3 we discuss the projective level M and related invariants, 
and in particular we give (Proposition 13.21) a direct proof of (jSJ) which does not rely on 
the tables in [M2j . Section 4 contains the proof of Theorem 1, and Section 5 contains 
some concluding remarks. 

2 Background 

We review notation and results we will need from |Mlj . |M2J. The Z-graded ring of 
holomorphic modular forms on V is 

M = ® k > M k = C[£ 4 (r),£ 6 (r)], 
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where E 2 k{r) = 1 — Jp- S n >i a 2k-i(n)q n is the usual normalized Eisenstein series of 
weight 2k > 4. The modular derivative in weight k is the operator 

D k = q^- + kE 2 
dq 

with E 2 (t) = + 2 J2 n >i a i{ n )l n - Dk : M.k — > -M-k+2 defines a degree 2 derivation 
D : M. — > M. whose restriction to M. k is D k . We often write D in place of D k . M. 
and D generate the ring 1Z of skew polynomials whose elements are (noncommutative) 
polynomials ^2 i m i d l , rrii G A4, satisfying the relation dm — md = D(m). 

Let the assumptions and notation be as in Section 1. The ring of holomorphic 
vector-valued modular forms with respect to p is a Z-graded linear space 

oo 

U(p) = Q)'H(ko + 2k,p) 

k=0 

where k$ is the least weight for which a nonzero form exists. Then 

k = Q(m 1 + m 2 ) - 1, 

and H(ko, p) = CF is 1-dimensional. Let fi(r),f 2 (r) be the component functions 
of Fq(t) with Fourier coefficients a n ^. The leading coefficients ao,i are nonzero and 
we may, and shall, assume that ao,j = 1, i = 1,2. There is a natural componentwise 
action of 1Z on elements in "H(p) which turns the latter space into a Z-graded left 
7?.-Hiodule. Indeed, H(p) = 7ZF is a cyclic 7?.-module with generator F , Moreover 
T-L(p) is a free .M-module with free generators Fq, DFq. 

/i(t) and /2(t) form a fundamental system of solutions of a modular linear dif- 
ferential equation (MLDE) of weight ko and order 2, namely 

D\J + Kl EJ = 0, (6) 

where 

Kl = (1- 36(m a - m 2 ) 2 )/144 

and D\ = D ko+2 o D ko . The MLDE (jSJ) can be rewritten as 

d 2 f df 
q2 dq^ + + 2{k ° + l)E2]q iq + [k ° {k ° + 1)E " + (Kl + ^o/ 144 )^]/ = 0, 

making it clear that q = is a regular singular point. 

There is a recursive formula for the Fourier coefficients a n ^ (e.g., [H] , pp. 157). 
We review the details as we will need them later. Set 

oo 

Y,u n q n = l + 2(k + l)E 2 (q) = (l-m 1 -m 2 ) + O(q), 

n=0 

oo 

J2 v nQ n = k (k + l)E 2 (q) 2 + (K 1 + k /UA)E 4 (q) = mi m 2 + 0(q), 

n=0 

I (s) = s 2 - (mi + m 2 )s + m 1 m 2 , 

Ij(s) = UjS + Vj, j > 1. 
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Explicitly, 



u 



71 



24(mi + 7712)0"! (n), n > 1 



n-l 



w n = fc (mi +m 2 )(24y^0i(r)0i(n - r) - 2<7i(n)) 



r=l 



+10(mi + m 2 — 6(mi — m 2 ) 2 )03(n), n > 1 
7o(7i + mi) = n{n + mi — m 2 ), 
Ij(n + mi-j) = (n + rnt - j)uj + Vj,j >1. 

The recursive formula is then given (setting a n = a Hi i) by ao = 1 and 



(7) 
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There is an analogous formula for the coefficients of / 2 (r). 



3 The projective level M 



We retain the notation of the previous Subsection. 

Lemma 3.1 Suppose that p has finite projective level M. Then mx,m 2 and all 
Fourier coefficients a n i lie in Q. 

Proof The assumption of the Lemma is that p(T) has finite order M. Then (1T1) 
shows that m 1 ,m 2 G Q. It then follows inductively using (jTJ) and (jSJ) that each 
Fourier coefficient is also rational. □ 

From now on we will always assume that the projective level is finite. Introduce 
integers a, b, c, d, N as follows: 



iV is the order of the matrix p(T) (considered as an element of the group p(r)), which 
we also call the level of p. Let 



be the normal closure of T N in V. Thus A (AT) C kerp and kerp has level N in the 
sense of [WJ. M is the projective level of p. The following result includes (jSJ). 

Proposition 3.2 The following are equivalent: 



mi = a /N, m 2 = b/N, (a, b, N) — 1, iV > a > b > 0, 
c = (a — b, N),a — b = cd, N = cM. 



A(N) = (7^7" I 7 e r> 



(a) p(r) is finite, 

(b) p(r) finite, 

(c) p /ias projective level M < 5, 

(d) p modular of level N. 
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Proof Because the index |T : T'\ of the commutator subgroup V in T is finite, 
p(r) is finite if, and only if, p(T)' is finite. Now an old theorem of Schur says that 
G' is a finite subgroup of a group G if, and only if, the index \G : Z(G)\ of the 
center is finite. Applying this to p(r), we conclude that p(T) is finite if, and only if, 
|p(r) : Z(p(T))\ is finite. Since p(T) is an irreducible group of linear transformations, 
we have Z(p(T)) = p{T) fl Z, where we have set Z = Z(GL(2,C)). Since p(T) = 
p(T)Z/Z = p(r)/Z(p(r)), the equivalence of (a) and (b) in Theorem 13.21 follows. 
The implication (a) =>- (d) is proved in [M2], Theorem 3.5, while the converse is 
well-known. 

It is also well-known (eg. [W]) that if M < 5 then A(M) = T(M) is the principal 
congruence subgroup of T of level M. Since A(M) C kerp it follows that if M < 5 
then kerp contains T(M) and in particular has finite index in T. This establishes the 
implication (c) =>• (b). 

Finally, we establish the implication (a) =>• (c). Indeed, if (a) holds we may, and 
now shall, assume that p is a unitary representation. In this case, p(T) is isomorphic 
to a subgroup of PSU(2,C) = SO(3, M). From Klein's classification of the finite 
subgroups of .SO^IR), it follows that p(r) is one of the following: cyclic, dihedral, 
A4, 5*4, or A§. The first case is excluded since p is irreducible. In the last three 
cases, the elements of p(r) have order at most 5, and in particular M < 5. In the 
dihedral case, p(T) generates the commutator quotient of p(r) since T generates the 
commutator quotient of T, so that M < 4 in this case. We have thus established that 
(c) holds in all cases, and the proof of Theorem 13.21 is complete. □ 

We record some numerical restrictions on the integers a, b, c, d, M, N. 

Lemma 3.3 The following hold: 

(a) N\6(a + b) 

(b) (c,M)\2 

(c) 4|M 2\\c 

(d) c\(N, 12) 

Proof: Because p is irreducible then p(S 2 ) = ±/ 2 , in particular det p(S 2 ) = 1. It 
follows from the relations in T that det p(T 6 ) = 1, that is 6(mi + ni2) G Z. Part (a) 
follows from this. 

From (a) we obtain c\Q(a ± b) =^ c|(12a, 126, N) => c\(N, 12), establishing (d). If 
3|(c, M) then 3\a±b 3\{a,b,N) = 1, contradiction. This shows that (c,M)|4. If 
(c, M) = 4 then 16|iV|6(a + b) => A\a ± b 2\(a,b,N) = 1, a contradiction which 
proves (b). Finally, 4|M => 2\a + b 2\a - b = cd. As (d, M) = 1 then 2|c. This 
proves (c) and completes the proof of the Lemma. □ 

Lemma 3.4 M /6. 

Proof Assume that M = 6. Because p is irreducible, it follows from |M2j . Theorem 
3.1 that e 2m ( a - b )/ N = e 2irid/6 j g no £ a p r j m itive sixth root of unity. But then (d, M) = 
(d,6) 7^ 1, a contradiction because {d,N) = 1. □ 
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Lemma 3.5 If N = 6,8 or 12 then M < 5 and p is modular. 

Proof Suppose that N = 6. We are done unless perhaps M = 6, and this is not 
possible by Lemma \3 .41 Now assume that iV = 8 or 12. Since N\Q(a + b) then 2\a + b, 
whence 2\a — b and 2|c. If c = 2 then either M = 4 as required or else M — 6, against 
Lemma 13.41 On the other hand, if c > 3 then M < N/3 < 4. This completes the 
proof of the Lemma. □ 

4 Proof of Theorem 1 

For a prime number p define v p : Q* — > 1 as follows: for nonzero integers m, n, v p {n) = 
a if n = p a l with (l,p) = 1, and u p (m/n) = v p {rn) — v p {n). Set 

M = (M,60)Q. 

Proposition 4.1 Let p be a prime such that p\Q. Then the nth Fourier coefficient 
a n of /i(t) satisfies 

u p (a n ) = -v p (Q n n\). (9) 
In particular, v p {a n ) is strictly decreasing /orn > 0. 

Proof: We prove the Theorem by induction on n. The case n = holds because 
do = 1. In the notation of Section 3, the recursion flB]) reads as follows: 

-1 n 

an = —JU — 7~, r :y2 a n-j{{a + N{n- j)) Uj + N Vj )} 
nc(Mn + a) 

-1 n 

^2 a n-jSj(n), (10) 



nc(Mn + d) 
where we have set 

Sj(n) = (a + N{n — j))uj + Nvj. 

Then 

Sj (n) = 

2(a + 6)a 1 (j)((12n - 12 j + l)iV + 6(a - 6)) | 10a 3 (j)(( a + 6)^ - 6(a - bf) 



N J jV 

24(a + 6)(6(a + 6) - N) ^ 

r=l 

60o- 3 {j)cd 2 

— (mod 2Z), (11) 
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where we used Lemma [331 (a) for the last congruence. Using Lemma l3~3l b). we deduce 
from dHJ) that 



Vp l*_M ) > - Up{Q)} (12) 



c 

with equality if j = 1. 
Let 

b nj = an - j - 1 (13) 

denote the jth. term on the right hand side of (fTOl) . Using induction, f fl2|) and 
(M, c?) = 1, we have for 1 < j ' < n that 

^(Vi) > -v P (Q n - j (n - - u p {n) - u p (Q) > -v p (Q n n\), 

and the two inequalities are both equalities if, and only if, j = 1. By the non- 
Archimedian property of p-adic valuations, it follows that 



p ( ^2 b n,j ) = u p(K,i) = -v p (Q n n\). 

3=1 



This completes the proof of the Proposition. □ 

Let A4q be the space of (classical) holomorphic modular forms with rational 
Fourier coefficients. Similarly, "H(p)q and H(k,p)q are the corresponding spaces of 
vector-valued modular forms whose components have rational Fourier coefficients. 
Then H(p)q is a left A^Q-module, and F G T-L(kQ,p)q by Lemma [37X1 

Lemma 4.2 The following hold: 

(a) H{p) Q = {aF + (3DF \ a, (3 G M Q } 

(b) U(p) = C® Q U(ph 

Proof: Since F G %{p)q then also DF G H(p)q, and we conclude that {aF + 
(3DF \a,(3 G M Q } C ft(p) Q . Because .M = C ® Q .M Q and H(p) = .MF + MDF , 
part (b) follows. 

Now let G G T-L(p)q. Because F ,DF are free generators of H(p) considered as 
.M-module, there are unique forms a, (3 G M. with the property that aF Q +(3DF = G. 
To complete the proof of part (a) we have to show that a, (3 G Aiq. 

Let Qi = J2 n >o bn,i<I n+mi i i = 1, 2 be the components of DF . Thus, each a n> j, b n ^ G 
Q. Let a = Yl n>0 c n q n , (3 = J2 n>0 d n q n . We prove by induction on n that each 
c„, d„ G Q. 
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The leading column of Fq is (q mi ,q m2 Y, while that for DF$ is 
((mi — /co)/12g mi , (m 2 — k /12)q m2 y. Thus the nth coefficient column for G is equal 
to 

^\) + t^{Z) + ^(2-t/nyt^>{t) (14) 

and by hypothesis this has rational entries. If n = this says that 

is rational. We can write this in the form 

/ 1 mi - V 12 \ f c o \ ^ 2 
^ 1 m 2 - fco/12 ; V J ^ ' 

Since mi ^ m 2 the matrix in the last display is invertible, so Cq, do £ Q- This begins 
the induction. The inductive step follows by the same argument, using f fT4|) . This 
completes the proof of the Lemma. □ 

For a prime p, let B p C T-t(p)q be the span of those vector-valued modular forms 
with the property that there is an integer B such that BF{r) has p-integral Fourier 
coefficients. It is well-known that the Fourier coefficients of every element in Aiq 
have this property. Consequently, B p is an A^Q-submodule of "H(p)<Q. 

Proposition 4.3 Suppose that p\Q. Then B p = {0}. 

Proof: We assume that B p ^ {0} and derive a contradiction. We first prove 

M Q F HB P = {0}. (15) 

Because v p {Q) > 1, we know that (Q holds. Suppose that ^ a 6 A4q with 
a = J2 n >o bnq n - There is an integer N such that v p {b n ) > iV for all n. Let c n be the 
nth. Fourier coefficient of the first component of aF^, so that 

n 

c n = ^6„_ j a j . (16) 

3=0 

Assume to begin with that b ^ 0, and choose any integer s > f p (&o) ~ N. Using Q) 
we find that if j < p s then either b p s-j(ij = or else 

v p (boa p s) — u p (b p s_jaj) 
= v p (b ) - p 8 v P (Q) ~ ^ P (p s !) - ^p(V-i) + 3 v p(Q) + "yO'O 

< v P (bo) - MQW - j) - s - N 

< v p (b ) - s - N < 0. 
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Now (fT6l) and the non-Archimedian property of v v shows that 

Up{c p s) = is p (b a p s) = v p (b ) -p s v p (Q) - v P (p S] .) 

< v p (b )-p s -s. 

Therefore aF does not have bounded p-power. If b = we obtain a similar result by 
using the first nonvanishing coefficient of a in place of 60 i n the previous argument. 
This completes the proof of ffl~5]) . 

Now let 7^ F G Bp have weight k. By Lemma [4.2( a) we have 

F = aF + (3DF (17) 

with a, f3 G A4q. Note that ^ by (|T5|). 
Apply £> to flUD to get 

(Da)F + a_DF + (Df3)DF + (3D 2 F = DF, 

and then use ()6]) to obtain 

(Da)F + aDF + (D(3)DF - k^E^Fq = DF. (18) 

Now use fTTTj) and (1181) to eliminate the DF terms. We obtain 

((Da)f3 - Kif3 2 E 4 -a 2 - aD/3)F = f3DF - (a + Dfi)F. (19) 

The coefficient of F on the left-hand-side of (120]) lies in Aiq, while the right-hand- 
side lies in B p . Thanks to ( |T5l) . the only way this can happen is for both sides to be 
identically zero. Then the components of F satisfy the first order differential equation 

(3DF - (a + D/3)F = 0, (20) 

and since they are linearly independent this is not possible. This completes the proof 
of Proposition 14.31 and with it that of Theorem 1 as well. □ 

It follows easily from Lemma [3.31 that if M|60 then iV|120. So the version of the 
main Theorem stated in the abstract is indeed a special case of Theorem 1. 

5 Concluding remarks 

Suppose that p is not modular, and that F(r) G H(k,p)q is a nonzero vector-valued 
modular form with bounded denominators. From Theorem 1 and Lemmas 13.41 and 13.51 
it follows that M|60, iV|120. Indeed, there are only 13 possible pairs (M,N), namely 

(10, 10), (10, 20), (10, 30), (10, 60), (12, 24), (15, 15), (15, 30), 

(15, 60), (20, 40), (20, 120), (30, 30), (30, 60), (60, 120). (21) 
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It is straightforward, though unenlightening, to enumerate all of the equivalence 
classes of p corresponding to these values using Theorem 3.1 of |M2j . It turns out 
that there are 282 such classes. 

The recursive formula (jSJ) is convenient for machine calculation. Inspection of the 
denominators of the first thousand or so coefficients of the examples corresponding 
to the pairs (M, N) in (12T]) shows that they steadily increase, with more and more 
primes occurring in the denominators. There seems to be no question that the Con- 
jecture is true! On the other hand, it is unclear whether there are primes p (analogous 
to those dividing Q in Proposition 14.11) which divide the denominators of the Fourier 
coefficients of f\ to a power which is unbounded for n — > oo. It is also unclear whether 
one should expect that all but a finite number of primes occur in the denominators 
of these Fourier coefficients. This property holds for certain classes of generalized 
modular forms ( |KoMlj . |KoM2j ) and is something that one expects to be a rather 
general feature of vector-valued modular forms. The arithmetic nature of the denom- 
inators of the Fourier coefficients of the components of F - whether M divides 60 or 
not - appears to be quite interesting. 
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